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logarithmic type for the impedance term by the far field measurements. 

Keywords : inverse scattering problem, impedance boundary condition, stability. 
2000 Mathematics Subject Classification : 35R30, 35R25, 31B20 . 



1 Introduction 

We consider the scattering of an acoustic incident time-harmonic plane wave, 
at a given wave number k > and at a given incident direction u£§ 2 , by an 
obstacle Del 3 partially coated by a material with surface impedance A. Such 
a problem is modeled by the following mixed boundary value problem for the 
Helmholtz equation 



Au + k 2 u = 0, inR J \D, 

u = 0, on Tfl, 
du 

— — h iX(x)u = 0, on Ti, 
ov 



(1.1) 



where u — u s + exp (ikx ■ u>) is the total field, that is given as the sum of 
the scattered wave u s and the incident plane waves exp (ikx ■ u>) and where 
Ti, Yd are two open and connected portions of the boundary 3D such that 
dD = T I UT D . 

Moreover, the scattered field u s is required to satisfy the so-called Sommerfeld 
radiation condition 

I ' du s \ 

lim^^rl— iku s J=0, r=||x||. (1.2) 

It is well-known, that the scattered field u s has the following asymptotic behav- 
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as r tends to oo, uniformly with respect to x — tt^jt and where Uoo is the so-called 
far field pattern of the scattered wave (see for instance 

The inverse scattering problem that we examine here consists in the determi- 
nation of the surface impedance A(x) by the knowledge of the far field pattern, 
provided some suitable a priori assumptions on the impedance are made. 
Such a problem, in two dimensions, has been recently studied by F. Cakoni 
and D. Colton in [7j- The authors have provided a variational method for the 
determination of the essential supremum of the surface impedance when the far 
field data are available. 

In this paper, we shall deal with the stability issue, namely we will prove a 
stability estimate of logarithmic type for the surface impedance by the far field 
measurements. 

Let us point out that a stability result for this type of problem has been proved 
in |15| by C. Labreuche under the assumption of an analytic boundary. The new 
feature of the present paper consists in a reduced assumption on the regularity 
of the boundary, namely we shall assume that Tj is a C 1,1 portion of dD. Thus 
it turns out that the argument of analytic extension used in |15| cannot be 
applied. 

The stable recovering of the surface impedance needs some a priori mild as- 
sumptions on the impedance itself. The additional a priori information that 
we require on the unknown surface impedance A, is an a priori bound on its 
Lipschitz continuity, that is we assume that for a given positive constant A, the 
following holds 

||A|| C o, 1(r/) < A. (1.4) 
Moreover, we prescribe the following uniform lower bound 

A(x) ^ Ao, for every x £ Tj, (1.5) 
where Ao is a given positive constant. 

In order to treat the inverse scattering problem we first need to analyze the direct 
one. In Section 3, indeed, following the arguments of potential theory developed 
in jS], we observe that the direct scattering problem is well posed (see Lemma 
13.1(1 . The proof relies on the fact that the mixed boundary value problem 
can be reformulated as a system of boundary integral equations. Moreover, we 
prove, (see Theorem 13 .2(1 . that the solution and its first order derivatives are 
Holder continuous in a neighborhood of the portion Tj, where the impedance 
takes place. The proof is based on the Moser's iteration technique. Finally in 
Corollarv l3.3l we obtain a uniform lower bound for the total field u on sets away 
from the obstacle. 

In Section 4, we deal with the inverse scattering problem. The underlying ideas 
and the main tools that lead to the stability result can be outlined as follows. 

i) As first step we evaluate how much the error on the far field can affect the 

values of the field near the scatterer; 

ii) in the second step we are concerned with a stability estimate of the field at 

the boundary in terms of the near field; 

iii) finally, as last step, we obtain a stability result for the impedance A by the 

estimate of the field at the boundary. 
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Let us start the analysis of Section 4 illustrating the arguments introduced in 
the step iii) of the list above. 

By the impedance condition in we can formally compute A as 



X(x) 



i du(x) 



(1.6) 



u(x) dv{x) 



Since u may vanish in some points of T/, it follows that the quotient in 1)1.6(1 
may be undetermined. In this respect, we found it necessary to evaluate the 
local vanishing rate of the solution on the boundary. To establish such a control 
we shall make use of quantitative estimates of unique continuation. We first 
obtain, in Lemma 14.51 a volume doubling inequality at the boundary, namely 



where T^ p (xo) and Tj^p(xq) are the portions of the balls centered at the bound- 
ary point xo of radius p and 2p respectively, contained in R 3 \ D, (see (12.1311 for 
a precise definition). 

In order to obtain the formula in 1)1.7(1 . we have adapted the arguments devel- 
oped in [2j for the more general setting of complex valued solutions which is 
required by the boundary value problem l|l.ll) . 

A further difficulty in dealing with such arguments is due to the fact that the 
techniques used in [2] apply to an homogeneous Neumann boundary condition. 
We overcome such a difficulty by performing a suitable change of the indepen- 
dent variable, (see Proposition ^. 3)1 . that fits our problem under the assumptions 
required in |2J. Moreover, well-known stability estimates for the Cauchy prob- 
lem |17| , allow us to reformulate the volume doubling inequality at the boundary 
deriving in Theorem 14. 61 a new one on the boundary, that is a surface doubling 
inequality 



where A/ iP (xo) and A/^p^o) are the portions of the boundary of Ti jP (xo) and 
r/,2p(^o) respectively, which have non empty intersection with 3D, (see (I2.14|) 
for a precise definition). 

The surface doubling inequality allows us to apply the theory of Muckenhoupt 
weights |9] which, in particular, implies the existence of some exponent p > 1 
such that lupp^ 1 is integrable on an inner portion of Tj, see Corollarv l4.7l This 
integrability property, as well as the Holder continuity of the normal derivative, 
justifies the computation made in 1)1. 6JI in the sense. 
Let us carry over our analysis by discussing the evaluation introduced in the step 
i). Such an evaluation, introduced by V. Isakov ^JEJi an d then developed 
by I. Bushuyev concerns a stability estimate for the near field in terms of 
the measurements of the far field (see Lemma 14.10 . It means that if u\ and U2 
are two acoustic fields corresponding to impedances Ai and A2 such that their 
scattering amplitudes, respectively, are close 




(1.7) 




(1.8) 



00 



"2,cx)|U 2 (9Bi(0)) ^ £ : 



(1.9) 
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then u\ and 112 satisfy 

IK - u 2 \\l*(b Ri+1 (o)\b Ri (o)) < const.e a{e) , (1.10) 

where Ri > is a suitable radius such that (0) D Z) and a(e) is the function 
introduced in (|2.18(l . 

As last step of this treatment we provide the stability estimate introduced in 
ii) . The proof is based on arguments of quantitative unique continuation, as the 
three spheres inequality and leads to the following estimate 

IK - «a||o»(rf) < cons *-l lo g(ll u i - u 2|IZ2(B Bl+1 (o)\B Bl (o)))r e > ( Ln ) 

where 9 > and where Tj is a given inner portion of Tj (see Ij2.12l) for a precise 
definition). 

By combining the stability estimates listed in i) and ii), we obtain a stability 
result for the total field at the boundary in terms of the measurements of the 
far field, (see Theorem |4.2fl . 

Finally, as a consequence of Theorem 14.21 and Corollary 14.71 let us formulate 
the main result of the present paper, that consists in a stability estimate of the 
surface impedance by the far field measurements, (see Theorcm l2.1|l . Assuming 
that (|1.9|) holds, we have shown that the impedances Ai, A2 agree up to an error 

\log(e-<*^)\- 8 . (1.12) 

Moreover, let us observe that the rate of stability in H1.12JI is intermediate 
between a log and a loglog rate of stability. 



2 Main assumptions and results 

2.1 Main hypothesis and notations 
Assumptions on the domain. 

We shall assume through that D is a bounded domain in R 3 , such that diamD^a!, 
with Lipschitz boundary 3D with constants tq,M. More precisely, for every 
.To G dD, exists a rigid transformation of coordinates under which, 

CnBjio) = {(x',x 3 ) :x 3 > 7 (x')} , (2.1) 

where x € M 3 , x — (x' , x 3 ), with x' g R 2 , i 3 el and 



satisfying 7(0) = and 

where we denote by 

ll7llc°.i(B' (so)) = ll7lk°°(B' (x )) + rosup 



\l\\c<>-i(B' ro (xo)) < Mr 0, 



:,ye-B; o (2 ) 



V - y\ 



and B' ro (xo) denotes a ball in R 2 . Moreover, we assume that the portion of the 
boundary Tj is contained into a surface Si, which is C ' smooth with constants 
r a ,M. 
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More precisely, for any x e Si, we have that up to a rigid change of coordinates, 

Sj H B ro (x ) = {(x' ,x 3 ) : x 3 = <fii(x')}, (2.2) 

where 

ipi :B' ro (z Q ) CK^R (2.3) 
is a C 1,1 function satisfying 

MO) = |Vv>i(0)| = (2.4) 

and 

\\M\ci.hb< o ( Zo )) ^ Mr , (2.5) 

where we denote 

\Wi\\c^{B' ro {z )) = IMU~(b; o (zo)) + r o||V^7|| L -(B^( Zo )) + (2.6) 

+ ro 2 su P \^)-vMy)\ (27) 

x,yeB; o ( Z o) F yl 

In particular it follows that, if 

x a e T/ and dist(x ,r£>) > r , 

then 

D n B ro (x ) = {(x' ,x 3 ) e B ro (x ) :x 3 >ip I (x')} , (2.8) 

where ipi is the Lipschitz function whose graph locally represents 3D. More- 
over, since DC\B ro {x )C\T d = 0, ipi must also be the C 11 function whose graph 
locally represents Si. 

For a sake of simplicity we shall assume that € D. 

Fixed R > d, p e (0, r ) and x <E T/, let us define the following sets 

D+=R 3 \D, (2.9) 
D+ = B R (0)r\D+, (2.10) 

D r,p = { x ^^l ■ dist ( x > T d) > P}, (2-11) 
r i^dD+ p nTi, (2.12) 

T Lp (x ) = B p (x )\D, (2.13) 

A IiP (xo)=Tjj^)ndD. (2.14) 

A priori information on the impedance term. 

We assume that the impedance coefficient A belongs to C^^r^R) and is such 
that 

\{x) > A > (2.15) 
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for every x £ Tj. Moreover we assume that, for a given constant A > 0, we have 
that 



||A|| c o.i ( r,) < A. (2.16) 

From now on we shall refer to the a priori data as to the following set of 
quantities: d, 7*0, M, Ao, A, k, u>. 

In the sequel we shall denote with 77(f) a positive increasing function defined on 
(0, +00), that satisfies 

77(f) < C(\og{t- a ^))-^, for every < f < 1 , (2.17) 

where 

a{t) = : — „ l , tt r , (2.18) 

V ' l + log(log(f- 1 ) + e) V > 

and C > 0, 9 > are constants depending on the a priori data only. 



2.2 The main result 

Theorem 2.1 (Stability for A). Let v*, i = 1,2, be the weak solutions to the 
problem ()1.1|) with A = A, respectively and let Ui.oo be their respectively far field 
patterns. There exist 5 > 0, £0 > constants only depending on the a priori 
data, such that, if for some s, < s < e$, we have 

|K,oo - U2,oo 11^(85! (0)) < £ : ( 2 - 19 ) 

then 



||Ai - A 2 || z ,oc (r -o ) sC 77(e), 



(2.20) 



where 77 is given by l|2.17(l . 



3 The direct scattering problem 

Let us introduce the following space 

Hf QC (D + ) = {ve D*(D+) : v\ D + G H\D+), for every R > s.t. D C B R (0)} 
where D*(D + ) is the space of distribution on D + . 

A weak solution to the problem l|l.l|) is a function u — exp (iku) ■ x) + u s , where 
u s e H^ qc (D + ) is a weak solution to the problem 

f Au s + k 2 u s = 0, in D+, 

u s = — exp (ikoj ■ x), on Tp, 

— h 7A(a;)M s = — — exp (iku) ■ x) — i\(x) exp (iku) ■ x), on T], (3-1) 



lim r _Kx, r — — (rx) ~ iku s (rx) — 0, uniformly in x. 

or 
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Let us recall that a weak solution of 1|3.1[) is a function u s E H^ qc (D + ), with 
ii s |r D = — exp {ikuj ■ x) in the trace sense, such that, for all test functions r\ € 
H 1 (D + ) with compact support in M 3 and ?7|r D = 0, the following holds 

ik\u s r] . (3.2) 



Furthermore, u s satisfies the asymptotic condition (|1.2I) . 

Lemma 3.1 (Well-posedness). The problem (|3.1(l has one and only one weak 
solution u s . Moreover, for every R > d, there exists a constant Cr > depend- 
ing on the a priori data and on R only, such that the following holds 



< C R . (3.3) 



Proof For the proof we refer to jBJ Theorem 2.5], in which the authors, 
among various results, show that the exterior mixed boundary value problem 
(|3.1|) can be reformulated as a 2 x 2 system of boundary integral equations. In 
JH|, Theorem 2.5 has been proved in two dimensions for a constant A, however it 
can be verified that the same techniques can be carried over in three dimensions 
and with A = \{x) £ C ' 1 ^/). □ 



Theorem 3.2 (C 1,Q regularity at the boundary). Let u be the weak solution 
to <|l.l|l . then there exists a constant a, < a. < 1, such that for every R > d 
and p G (0,ro), u G C X ' a {D~^ ). Moreover, there exists a constant Cr. p > 
depending on the a priori data, on R and on p only, such that 



(3.4) 



Proof From the weak formulation H3.2(l . it follows that the total field u 
satisfies 



V11 • V77 - k z 



wq 



\(x)urj , 



where xq € T/ and 77 is any test function such that suppr/ C Tj a (xo)- 
By <|2.16[) we have that 



/ V11 • V77 

JF i ro(x ) 



<k< 



\urj\ + A 

r, ra(x ) 



\W]\ 



and by a trace inequality (see P3 p. 114]) it follows that 

\ufj\ + CA [ 

1 ■ 2 1 „ 

where C > is a constant depending on the a priori data only. 



\V(ufj)\ 

m(a:o) 



(3.5) 



(3.6) 
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By the standard iteration techniques due to Moser (see for instance we 
obtain the following local bound for u 



'(r,,^(xo))<C1MI H x( xo) ) , (3.7) 



where C > is a constant depending on the a priori data only. 

Let us denote by u\ and ui the real and the imaginary part of u respectively. 

Thus by the elliptic equations in weak form satisfied by u% and U2, it follows 

that 



Vui • Vrj — k / uiT] = / X(x)u2i] , (3-8) 

Vu 2 • V77 - k 2 / u 2 7] = - \{x)ui-q , (3.9) 

j m( x o) nt(xa) , aW 

' 2 '2 '2 

where 77 is any real valued test function such that suppry C Tj tq_(xq). 

By applying again the Moser method to the weak formulations (|3.8(l and l|3.9|l . 

we obtain the following bounds of the Holder continuity of u\ and U2, namely 

IKIIco.-Cr^OBo)) ^ c (\\ u i\\L~>(r l IS _( X0 )) + H^IU-cr, ^(x ))) > (3-10) 

ll^allc"."^ m (*o)) < Cdl^lli-^ ^(.to)) + llwilli-^ r^ixa))) , (3.H) 

where a, < a < 1, C > are constants depending on the a priori data only. 
Combining the two last inequalities with Ij3.7|) . we obtain 

IMIc°.=(r f ) < C\\u\\ H1(D + ) , (3.12) 

where C > are constants depending on the a priori data only and R = d + ro . 
By (|3.3|) we have that 



u 



\hHd+) < (3-!3) 



where C is a constant depending on the a priori data only. Moreover, since 
u = exp (iku) ■ x) + u s , by (|3.12|l and 13.13|l . we have that 

IMIc°.«(iv) < C, (3-14) 

where C is a constant depending on the a priori data only. By (|3.14|) and by 
(I2.lt) \ , we have that 

^(x) =-iX(x)u(x) e C°' a (rj). (3.15) 
at/ 

By well-known regularity bounds for the Neumann problem (see for instance 
p.667] ) it follows that, for every R > d, p e (0,r o ),u € C 1,Q! (-D^ ij0 ) and the 
following estimate holds 



\ci.«p+ t ,)^ G *p\\M\ C0 , a(p f ) + 



du 
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where Cr, p > is a constant depending on the a priori data, on R and on p 

du 

only. We shall estimate the C°' Q norm of — in terms of the a priori data, 

ov 

indeed 



du 



dv 



c°.»(r* )) 



sup 

£ 

x£Tf 



du{2 



dv 



(§)" 



sup 

x,yerf 



du(x) du{y) 



dv 



dv 



< sup \\(x)u[x)\ + - sup 

p V Z / P 



\x-y\ a 
\X(x)\\u(x)-u(y)\ 



\x - y\ a 



sup 



HI)" 

x, y erf 

Combining lf!Hfif and (f3~TI|) we obtain 



u(y)\\X(x) ~ \(y)\ 
\x-y\ a 



du 



^ A sup \u{x)\+a(?-Y 



sup 

x.yerf 



\u(x) - u(y)\ 
\x - y\ a 



+ {^ a \r^\\u\\ c0 , HTl) s UPi \m^m * 



x,y&rf 



\x ~ y\ 



where C p > is a constant depending on the a priori data and on p only. 
Moreover, since u = exp (ikui ■ x) + u s , we have that (|3.3|) yields to 



W u \\m(D+ R ) < C R , 



(3.17) 



where Cr > is a constant depending on the a priori data and on R only. 
Thus, inserting IpTHE)) . l|3~T7)l and ifTTTjl in (j2HSJl, we obtain that 



(3.18) 



where Ci?,p > is a constant depending on the a priori data, on R and on p 



only. 



□ 



Corollary 3.3 (Lower bound). Let u be the weak solution to (|1.1|) . then there 
exists a radius Rq > depending on the a priori data only, such that 



\u(x)\ > — for every x, \x\ > Rq 



(3.19) 



Proof Let us choose R = 4d + 4ro. By Theorem 13.21 it follows that there 
exists a constant C > depending on the a priori data only, such that 



'C 1 ." U>" 



«S C 



In particular, by H3.2t)(l . it follows that 

du 



\u s \ d , 



dv 



<Ci on dB R (0), 



(3.20) 



(3.21) 
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where C\ > is a constant depending on the a priori data only. 

By the Green's formula for the scattered wave u 3 (see for instance ^2 P-18]), 

we have that 



u s (x) = 
where 



9Br(0) 



1 exp (ik\x-y\) 
</>{x, y) = ~, h — -i , x ^ y 



> R, (3.22) 



An \x — y\ 



is the fundamental solution to the Helmholtz equation in M 3 
Thus, by (|3~221) and by (|3~2Tjl it follows that 



\u s (x)\ < d 

dR 2 



1 


d(j){x,y) 


/9Br(0) 


du(y) 



kR 



+ \0(x iy )\ds(y) < 



1? 



|x| -i?| 2 ||a;| -i?| 3 
Straightforward calculations show that 

\u s \ < — , for every x, \x\ > Rq, 

where R = {k + l)8R 3 d + 2R . 

The thesis follows observing that \u\ ^ 1 — \u s \. 



\x\ -R\ 



(3.23) 
(3.24) 

(3.25) 

□ 



4 The inverse scattering problem 

Lemma 4.1 (From the far field to the near field). Let Ui,Ui >00 , i = 1,2, 
be as in Theorem \2.1\ Suppose that, for some e, < e < 1, (12.191) holds, then 
there exist a radius R\ > and a constant C > 0, depending on the a priori 
data only, such that 

IK-u 2 |U=(b Ri+i( o)\b Ri (o)) ^Ce a( - £ \ (4.1) 
where a(e) is the function introduced in (|2.18l) . 

Proof Let us choose R = Ad + 4ro and let us denote by uf, i = 1,2, the 
scattered wave of the problem Ijl.H with A = A, respectively. By (|3.21|l it follows 
that 

K " «2lU»(8B,(0)) < C , (4.2) 

where C > is a constant depending on the a priori data only. 
By the argument in (see also 0), it follows that there exists a constant 
C > depending on the a priori data only such that, for every r € (AR, AR+ 1), 
the following holds 

\K-u s 2 \\ L * {aBrm ^Ce a V. (4.3) 
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Integrating (|4.3[) with respect to r over (4i?, 4R + 1), we obtain that 

II"! - u s 2 \\li(b, r+1 (0)\b. r (0)) < Cs a(£) , (4-4) 

where C > is a constant depending on the a priori data only. 

Thus the thesis follows with R\ = 16d + 16ro and by observing that u\ — u 2 — 

Ui — u 2 - 

Let us stress, that Holder stability doesn't hold, indeed, in jH| Section 4], it has 
been proved that it is not possible to choose a independently on e. □ 



Theorem 4.2 (Stability at the boundary). Let Ui,Ui i00 , i = 1,2, be as in 
Theorem 1 2. 11 We have that there exists Eq > depending on the a priori data 
only, such that, if for some e, < e < Eq, (|2.19|) holds, then for every p £ (0, ro) 
we have 

\\ui - u 2 \\c^r" I ) < Vis) , (4-5) 

where r\ is given by (|2.17|l . with a constant C > depending on the a priori 
data and on p only. 

Proof By the Lipschitz regularity of the boundary 3D, it follows that the 
cone property holds. Namely, for every point Q G dD, there exists a rigid 
transformation of coordinates under which we have Q = and the finite cone 

f x ■ £ 

C = < x : \x\ < r , -j— p > cos( 



with axis in the direction £ and width 2$, where — arctan-p-, is such that 
C C D+. 

Let Q be a point such that Q € T^ and let Qq be a point lying on the axis £ of 
the cone with vertex in Q — such that do = dist(Q , 0) < 
Let us define R 2 = 2i?i+2, where R\ is the radius introduced in the statement of 
Lemma 14.11 Dealing as in Lieberman |l C3j . we consider a regularized distance d 
from the boundary of dD such that, d S C 2 (D^ 2 ) n C 0,1 (D^ 2 ) and furthermore 
the following properties hold 

dist(a:,aD) 

' ^° ^ ^ 7i) 

d(x) 

• | Vrf(cc) | ^ ci, for every cc such that dist(x,dD) $J &ro, 

• IMIIc ' 1 < c 2 r , 

where 70, 71, c±, C2, b are positive constants depending on M only, (see also |1] 
Lemma 5.2]). 

Let us define for every p > 

D p = {x e D+ 2 : dist(ar, dD) > p] , (4.6) 
D» = {x € D+ 2 : d(x) > p} . (4.7) 

It follows that there exists a, < a ^ 1, only depending on M such that for 
every p, < p ^ aro, -D p is connected with boundary of class C 1 and 

cip ^ dist(:r, dD) ^ C2/3 for every a; S <9_D P , (4-8) 
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where c\,c% , are positive constants depending on M only. Bv (|4.8|) we deduce 
that 

D C 2 p c jjp c _ 

Let us now define po = min{^, ^sin#} and let P be a point in the annulus 
B Rl+1 (0)\B Rl (p)), such that B ipo {P) C B Rl+1 (0)\ B Rl (0)). Furthermore, let 
7 be a path in D a i joining P to Qo an d let us define {yi}, i = 0, . . . , s as follows 
2/o = <3o, J/i+i = l{U), where = max{t s.t. \y{t)-yi\ = 2p } if \P-yi\ > 2p , 
otherwise let i = s and stop the process. 

Let us introduce the function U G H^ qc (D + ) defined as follows 

U(x) = m(x) - u 2 (x). (4.9) 

We shall denote with U\ and XJi the real and the imaginary part of U respec- 
tively. Namely 

U(x) = [/i(x)+iC/ 2 (x). 

It immediately follows that J7i , £/ 2 , are both real valued solutions to the Helmholtz 
equation in D + . 

Thus, by the three spheres inequalities for elliptic system with Laplacian prin- 
cipal part, (see Theorem 3.1]), we have that for every Pi,j32, 1 < /3i < /?2, 
there exist f > 0, r, 0<t<1 and C > depending on the a priori data and 
on Pi, /?2 only, such that for every x £ D^ 2p the following holds 



/ \u\ 2 ^c([ 



1-T 



\U\ 2 } [ I \U\ 2 (4.10) 

Bp 2P {x) ) 



for every p g (0, f). By a possible replacement of po with r if po > r an d 
choosing in (|4.10l) f3i = 3, /?2 = 4, p = po, £ = yo, we infer that 

/ \U\ 2 ^c(f \U\ 2 ) ([ \U\ 2 ) . (4.11) 

J B 3po (y ) \JB P0 (y ) ) \J B ipo (y„) ) 

As a consequence of Lemma 13.11 we have that 

W\m{p% ) < C, (4.12) 

where C > is a constant depending on the a priori data only. 

Let us observe that B4 Po (y ) C and B po (y ) C B 3po (yi). Thus by (|4.11l) 

and 1|4.12[) we deduce that 

\u\ 2 ^c(( \u\ 2 ) -c 1 ^ . 

B PO (yo) \JB 3po ( yi ) J 

An iterated application of the three spheres inequality leads to 

\u\ 2 ^(f \u\ 2 ) -c 1 -^. 

B PO (yo) \Jb P0 ( Vs ) J 

Finally, since B p (y s ) C B Rl+ i(0) \ B Rl (0)), by (|4.1|) we obtain that 

\U\ 2 < C{e Q(e) } rS . 
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We shall construct a chain of balls B Pk {Qk) centered on the axis of the cone, 
pairwise tangent to each other and all contained in the cone 

f x ■ £ 

C' = < x : \x\ < ro, -j— f > cos( 



where 0' = arcsin(^-). Let B Po (Qq) be the first of them, the following are 
defined by induction in such a way 

Qk+i = Qk ~ (1 + p)Pkt , 
Pk+i = ppk , 
dk+i = pdk , 

with 

__ 1 - sin 0' 
M ~~ 1 + sin 9' ' 

Hence, with this choice, we have pk = \i po and B Pk+1 (Qk+i) C Bj, Pk (Qk). 
Considering the following estimate obtained by a repeated application of the 
three spheres inequality, we have that 





\\Uh H B 3pk _ 




-0) < 






(Qh- 






c\\u\\i HBpo 


(Qo)) 





;e) ] T | • (4-13) 

For every r, < r < do, let k(r) be the smallest positive integer such that 
dk ^ r then, since dk — p k do, it follows 

|log(^)| |log(:f)| 

do <k(r) < ' : Kdo ' 1 +1 , (4.14) 



log/x log// 
and by H4.13(l we deduce 

\\m\L^B Pk(MQ Ur)))^c{[s^fy k(r) . (4.15) 

Let x <E T| with p € (0, ro) and let x € B t>k( r )-i (QkM-i)- By Theorem 13. 21 in 
particular, it follows that U £ C 1,Q (Z)^ 2 £ ) with 

\\U\\ cl , a(D+ } ^C P , (4.16) 

where C p > is a constant depending on the a priori data and on p only. Then 
(|4~H)|) yields to 

< \U(x)\+C p \x-x\ a < |U(a:)|+<7 p 0r 
Integrating this inequality over Bp tM -i (Qfc(r)-i)j we have that 

^(^V") JB "Hr)-l (Qfc(r)-l) VM / 
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Being k the smallest integer such that dk ^ r, then dk-i > r and thus (|4.17l) 
yields to 



M*)\ 2 < — ^- , 

(rsintf'J " , s P(c(r) l (Q fc(r) _ 1 ) 
By (I4.15jl we deduce that 



\U(x)\ 2 dx + C p r 2 



C„ 



(4.18) 



The estimate (|4. lfj|> also provides us that 



dU{x) 



dv 



dU{x) 



dv 



Integrating over B p k ^)-i (Qk(r)-i) we deduce that 

2 n 



dU(x) 



U> 3{ Eh 2 ± ) 3 ^g «fc(r)-l {QHr)-l] 



dU{x) 



dv 



dx + 2C 



Ar 1 



^>3(^ h 2 ± ) 3 ^-B Pfc(r)-! (Qfc(r)-l) 
2 

Applying the Caccioppoli inequality, we have 



|Vtf(aO| a ds + 2C2(^ 



C 



(pk-l) ^m-iWw-i) 



?7(a;) 2 da; + C> 2 



Dealing with the same arguments that lead to (|4.18() . we obtain that 



dU(x) 



+ C p r 2a 



(4.19) 



The choice in (14.141) guarantees that 



where v = — log (-) logr. Thus, by l|4.18() and by l|4.19|l . it follows that 



\U(x)\^C p \r 
dU(x) 



9i/ 



Ms)) 



(4.20) 
(4.21) 



Minimizing the right hand sides of the above inequalities with respect to r, with 
r £ (0, j), we deduce 



\U(x)\^C p (log(e- a ^)) ^ 



dU{x) 
dv 



(4.22) 
(4.23) 
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where C p > is a constant depending on the a priori data and on p only. Thus, 

p — — - ____ 
since x is an arbitrary point in Tf , by (|4.22() and l|4.23[l we have that 



\U(x)\\ 
dU(x) 



e «:C p (log(e- 



-a(e) 



))" 



i-(r x ») 



(4.24) 
(4.25) 



By an interpolation inequality we have 



l|Vt(C/)|U~(r 1>p ) < c p ||f/||^ (ri ^||C/|| cl , Q(ri p) 

where (3 = and c p > depends on the a priori data and on p only. Thus, 
by (|4.16|) . we obtain 



1-/3 



\\Vt(U)\\ L ~ {ri , P )^c p \\uf Loa(riiL) C p 



1-/3 



It follows that for every e < Eq, with Eq depending only on the a priori data, 

dU 



l|V(f/)|| 



£°°(ri, P ) 



dv 



|V*(£0II 



i°°(ri, P ) 

a(e)N, 



^°°(ri, P ) 



< C p (log(e- a ^)) "+ 2 , 



(4.26) 



where C p > depends on the a priori data and on p only. Hence, by a possible 
replacing of £o with a smaller one depending on the a priori data only, we have 
that 



K-"2||ci(r liP ) <C p (log( e - Q < £ >)) m 



for every e, < e < s . (4.27) 
Thus the thesis follows replacing in (|2.17|) C with C p and 6* with □ 



Proposition 4.3. There exists a radius r± > depending on the a priori data 
on/?/ suc/i that, for every Xq £ T r j° , the problem 



AV> + k 2 ijj = 



in rj, ri (x ), 



di 



+ i\(x)^p — 0, on A ;>ri (i ), 



admits a solution ip 6 H 1 (Ti iri (xa)) satisfying 

\4>(x)\ ^ 1 for every x € IY ri (x )- 



(4.28) 



(4.29) 



Moreover, there exists a constant if) > depending on the a priori data onfo/, 
smc/i ttai /or every xq € T r j° 



(4.30) 



Proof Let us consider a point xq £ T r j° . After a translation we may assume 
that Xq — and, fixing local coordinates, we can represent the boundary as a 
graph of a C 1,1 function. Namely, we have that 



D+ n B r „{0) = {(x',x 3 ) e B ro (0) : x 3 < ipi(x')} 



(4.31) 
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where tpi is the C 1 ' 1 function satisfying (|2.3|) . (|2.4I) . [|2.5|) . 

Let $ G C 1 ' 1 (Bss_,R 3 ) be the map defined as follows 



$(y',y3) = (y',ya + My')) ■ (4-32) 

We have that there exist 6\, 9 2 , Q\ > 1 > 2 > 0, constants depending on M and 
ro only, such that, for every r G (0, xfe), it follows that 

r J)tor (o) c $(s-(o)) c r /Ar (o) , (4.33) 

where B~(0) = {y G R 3 : |y| < r, 2/3 < 0} and furthermore we have 

|det D<P I = 1 . (4.34) 
The inverse map $ _1 G C M (rY ro (0),M 3 ) and is defined by 

$" V, 13) = (a;', x 3 - ¥>/(z')) • (4.35) 

Denoting by 

*(V) = (^i(y))i J=1 = • ( J D$- 1 ) T ($(y)) , (4.36) 

X'(y) = A($(j/)) , (4.37) 

V = A '(0) . ( 4 -38) 



it follows that 



cr(0) = I, (4.39) 
l^llc^r,,^) < E, for i, j = 1, 2, 3, (4.40) 



ht\ 2 < • £ < Ci|€| 2 , for every v G B7^_ JO) and every £ G M 3 , (4.41) 

Z ^ 4M J 

||A'||co, 1(B ' (0 ))<A', (4.42) 

4M 

where E > 0, C\ > 0, A' > are constants depending on M, tq, A only. 



H 1 (B~ 2 (0)) to the problem 



Claim 4.4. There exists a radius r 2 , < r 2 < xfe and a solution tp' G 

div{o-X7ip r ) + k 2 i>' = , in B-(0) 
o-VtP' ■ v' 

where v' = (0, 0, 1) such that 



aX7iP' ■ v< + = , on fl£(0), ' 



>1 «n -B-(O). 
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Proof of Claim FOl 

We look for a radius r 2 > and for a solution of the form ip' = i/j — s such 
that, ipo G H 1 (B~ 2 (0)) is a weak solution to the problem 



AVo + £ 2 Vo = 0, in B-(0), 

, ,., _ n D , , n , (4.44) 

<9f 



+ a Vo = o, on s; 2 (o), 



satisfying |V>o| ^ 2 in B r2 (0) . 

Whereas s £ H l {B~ (0)) is a weak solution to the problem 

div(aVs) + k 2 s = div((a - J)V^o) , in ^ (0), 

ctVs ■ i/ + iA'a = (<r - J)V^ • v + i(A' - A ')^o , on (0), (4.45) 
s = , on \y\ = r 2 , 

such that s(y) — 0(|y| 2 ) near the origin. 
We can construct i/jq explicitly as follows 

V>o(yi,2/2,y 3 ) =8cosh(|Ao' 2 -fc 2 |5?/i)[sin(Ao'y3) + i cos (A 'y 3 )] , if fc 2 < V 2 , 
Myi,y2,ys) = 8cos(|/c 2 - A ' 2 |5yi) [sin (A 'y 3 ) + i cos (A 'y 3 )] , if & 2 > V 2 , 
ipo{yi,y2,y3) = 8sin(A 'y 3 ) + i8cos (A 'y 3 ), if fc 2 = A ' 2 . 
Denoting by 



(4.46) 




|fc 2 -A ' 2 |' V 



it follows, by straightforward calculations, that ipo £ H 1 (B^(0)) is a weak 
solution of l|4.44j) with r 2 = r and \tp \ > 2 in i? j T(0). 
Let us now look for a solution s to the problem l|4.45|l . 
Fixed r £ (0, grjf ), let us define the space 

(fl-(0)) = {77 € H\B-(0)) such that ^(y) = on |y| = r}, (4.47) 

endowed with the usual || • ||j?i(b-(o)) norm. Thus the weak formulation of the 
problem (|4.45|l reads in this way: find s £ H^_(B~(0)) such that, for every 
i] £ [B~ (0)), the following holds 

/ crVs • Vfj - / k 2 sfi - I iX'sfj = (a- I)Vtp ■ V77 + 

J (0) JB~(0) JB' r (0) JB-(0) 



+1 / (A' - A >o??.(4.48) 

JB' r (0) 

Let us introduce the following bilinear form 

A : H^(B-(0))xH^(B-(0))^C (4.49) 

such that 

A(rn,ri 2 )= (TV771 • V772 - / k 2 rnff 2 - iX'mm (4.50) 

JBr(0) JB~(0) J B' r {0) 
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and the following functional 

F:H^(B-(0))^C (4.51) 

such that 



F( V ) = [ (a- 7)VVo -Vfj + i f (A' - Xo'^fj 



(4.52) 



It immediately follows that A and F are continuous on Hi_ (B~ (0)) as bilinear 
form and as a functional respectively. 

Moreover, dealing as in |12l Lemma 8.4], we have that, by the Holder inequality, 
it follows that for every r) £ H^_(B~(0)) 

M 2 <cV(/ M 6 )\ (4.53) 

where c% > is a constant depending on the a priori data only. Hence by the 
Sobolev Imbedding Theorem, (see P Chap.4]), and by (|4.53(l . we have that 

/ M 2 < c ir 2 f IV77I 2 , (4.54) 
Jb-(o) Jb-(o) 

where c\ > is a constant depending on the a priori data only. 
Analogously, by the Holder inequality on the boundary, it follows that 

\v\ 2 ^c 2 r([ (4.55) 

B' r (0) y JB' r (Q) ' 

where 62 > is a constant depending on the a priori data only. By a trace 
inequality (see for instance pQ, Chap. 5), it follows that 

M 2 «S c 2 r f |V?7| 2 , (4.56) 

B' r (0) JB-(O) 

where C2 > is a constant depending on the a priori data only. 
Thus, by l|PT|l . p31)l and QUfify . we deduce that 

\A{V,V)\ > i\ ~ dr 2 k 2 - c 2 rA') f \Vr,\ 2 . 



B-(0) 



Denoting by 



1, n 1 h^l,i(ci* 2 + eaA),^|, (4.r,7i 



we have that for every r £ (0, 7-3) 

\A(r 1 ,v)\>\[ |Vr,| 2 . (4.58) 

4 J Br (0) 

Thus it follows that, for every r £ (0, rs), the bilinear form A is coercive on 
-ffg_ (B~ (0)). Hence by the Lax-Milgram theorem we can infer that, for every 
r £ (0, r$), there exists a unique solution s £ (B~ (0)) to the problem 14.45|l . 
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Fixing r G (0, r^) and choosing ?y = s as test function in the weak formulation 
(|4.48|) . we obtain 



<tVs ■ Vs - 



Br (0) 



2 i 1 2 



Br (0) 



'I „|2 



iA>| 



B' r (0) 



/ (cr - 7) Wo ' Vs + 

JB,7(0) 

(A' - AqVos. (4.59) 



b;(o) 



By (|4.58|l , we have that 



Br (0) 



B-(0) 



((T - 7)V-0o • Vs 



b;(o) 



(A' - X ')^ s . (4.60) 



By the Schwartz inequality, by (|4.39|) and by (|4.40() we have that 

/ (a - 7) Wo • Vs < 16& 2 / |Wo| 2 + 4 / l Vs l 2 ■ ( 4 - 61 ) 
Jb-(o) Jb-(o) ib iB,:(ol 



Analogously, we have that, by the Schwartz inequality, by (|4.38|) and by (|4.42|l 
it follows that 



B'(0) 



(A' - AqOV'os 



•;.(0) 16c 2 



16c 2 AV 2 

Moreover, by the inequality (|4.56() and by (|4.62() we deduce 

/ (A' - A„>os < c 2 r 4 16A' f |Wo| 2 + -^r f |Vs 
JB' r (o) Jb-(o) 113 7s- (0) 

Hence inserting (|4.61(l and Ij4.63|l in (|4.6Q(I we obtain that 

If |Vs| 2 ^(16E + c 2 16A')r 2 f |Wo| 2 • 
°Jb-(o) Jb~(o) 



B' r (0) 



(4.62) 



(4.63) 



(4.64) 



Denoting by 



we have that 



Q= sup |VVo| 2 , 



8A7 



If |Vs| 2 < ^7r(16S + c 2 16A')r 5 Q 

8 JB r "(0) 



(4.65) 



By standard estimates for solutions of elliptic equations (see for instance [T2] . 
Chap. 8) and observing that Q > depends on the a priori data only, we can 
infer that for every re (0, ^) 



l S lli~(Br"(0)) ^ C4r 



where C4 > is a constant depending on the a priori data only. 

Hence the Claim follows choosing r 2 = min{f, -^7=} and observing that 

|V'|^hM-M>i ms~(o). 
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□ 

Let us notice that choosing r\ = #2?~2 and il>(x',xs) = ij}'{^~ 1 { x \ £3)); we have 
that ip £ -ff 1 (r/ iI , 1 (0)) is a weak solution to the problem (|4.28(l and is such that 
M > 1 in r Iiri (0). 

Finally, we conclude the proof of Proposition ^. 31 observing that l|4.30[l follows 
dealing with the same argument used in the proof of Theorem 13. 21 □ 



Lemma 4.5 (Volume doubling inequality). Let u be the solution to the 
problem <|1.1|) , then there exists a radius f > such that for every xq £ T T j a the 
following holds 

\u\ 2 < Cf3 K f \u\ 2 (4.66) 

for every r, (3 such that (3 > 1 and < [3r < f , where C > 0, K > are constants 
depending on the a priori data only. 

Proof Let xq E T^ and let r\ and ip be, respectively, the radius and the 
function, introduced in Proposition 14.31 Denoting by 

z = - (4.67) 

V 

it follows that z S H 1 (T], ri (xq)) is a weak solution to the problem 

Az + 2^ • Vz = 0, in T/ ri (x ), 

— = 0, on A/. ri (z )- 

av 

Dealing as in Proposition ^. 31 we may assume that, up to a rigid transformation 
of coordinates, xq — and, by local coordinates, we can locally represent the 
boundary as a graph of a C 1 ' 1 function as in l|4.31|l . 

Following Theorem 0.8], (see also [U Proposition 3.5]), we have that there 
exists a map * € C M (.B P2 (0),]R 3 ) such that 

*(^(0))C\(0), (4.69) 
*(y',0) = (y',^(y')), for every y' 6^(0), (4.70) 
ruCt(57(Q))cr IiClp , for every p e (0,p 2 ), (4.71) 



i sc |det£>*| s: c 2 , (4.72) 
o 

where p\, < pi < ro, P2 > 0, c\ > 0, C2 > are constants depending on ro, M, A 
only. Denoting by 

A(y) = |det J D*(y)|(£)*- 1 )(*(y))(i)*- 1 ) T (*(j/)) I (4.73) 
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B(y) = 2|detJ>^(y)|(^- 1 )(W(y)) ^^ ) , (4.74) 

v(y) = z(*(y)), (4.75) 

it follows that 

A(0) = I , (4.76) 

A(y', 0)(y\ 0) • e 3 = 0, for every y', \y'\ < p 2 , (4.77) 

cslCI 2 < • t < c 4 |C| 2 ,for every y E B~(0) and for every £ e M 3 , (4.78) 

lAG/O-AfofiOXcBll/i-lfcl, for every y 1; y 2 e B~(0), (4.79) 

|B(y)| < cs, for every y E fl" (0), (4.80) 

where C4 > 0, C5 > 0, C6 > are constants depending on ro, M, A only. 
Let us observe that v E H 1 (B~ 2 (0j) is a weak solution to the problem 

div(AV«) + £?V V = 0, in B~ (0), 

A(y',0)Vi;V = 0, onB; 2 (0). l4 - 81j 

Hence we are under the assumptions of Theorem 1.3 in and thus we can infer 
that there exists a radius P3 , < P3 < p 2 , depending on the a priori data only, 
such that 



\vV < cP K / \v\ 2 , (4.82) 

for every p,/3 such that /3 > 1 and < (3p ^ p^, where c > is constant 
depending on the a priori data only, and K > depends on the a priori data 
and increasingly on 

L- , n , AVu • Vw + i?e(u div(AVu)) 

iV(p 3 ) = P3 Bp3(0) f ^ , (4.83) 

Jas- (o)\b; 3(0) 

where we denote 

^) = A( y 2 ' a! l ^ every x e B~ (0). (4.84) 

By ijiTSj) it follows that 

c 3 < < c 4, for every » E B~ (0). (4.85) 

Let us observe that the proof of Theorem 1.3 in 2J needs, in this context, a 
slight modification due to the fact that we deal with complex valued functions. 
We omit the details. 
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Denoting by 

N( P3 ) = ^ , (4.86) 

Jb- 3 (o) \ v \ 

we notice, following the arguments in Lemma 3.3], that 

N( P3 ) «S CN(p 3 ), (4.87) 

where C > is a constant depending on the a priori data only. 

By (|4.71|l . it follows, that for every r and (3 > 1 such that < r < (3r < ^ 

\z\ 2 ^cf \v\ 2 , (4.88) 

where C > is a constant depending on ro, Af, A only. Moreover, by 14.82JI and 
by (|4.71|) we have that 

/ \v\ 2 ^ C(2(3 Cl ) K f \v\ 2 ^ C(2p Cl ) K f \z\ 2 , (4.89) 

JB-(0) JB^_(0) JTt^O) 

where C > is a constant depending on ro, M, A only. 
Combining I4.88jl and (|4.89j) , we have that 



[ \z\ 2 < C(2/3 Cl )* f 
Finally the last inequality, (|4.29|) , I4.30jl imply that 



\z\ 2 . (4.90) 

(o) 



M 2 < C{/3) K / |u| 2 , (4.91) 

where C > 0, K > are constants depending on a priori data and on N(p 3 ) 
only. Thus the Lemma follows with 

r=f- (4.92) 

It only remains to majorize the quantity (|4.86(l by a constant depending on the 
a priori data only. Let us observe that by (|4.71(l . by 1(4. 29J) and by 1(4. 30J) . we 
have that 

Vv\ 2 + \v\ 2 ^c[ |Vu| 2 + M 2 , (4.93) 

b P3 (o) Jr I}P3C1 (a) 

where C > is a constant depending on the a priori data only. Moreover, by 
the above inequality and by 13.4(1 . we can conclude that 

\Vv\ 2 + \v\ 2 sC C, (4.94) 
where C > is a constant depending on a priori data only. 
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On the other hand, we have that choosing Pq = , == — v and 04 = ^- - 7 ===p3, 

Sv l-\-A4 p3 vl-|-iw 

where i/ is the outer unit normal to D at 0, it follows that -B P4 (Po) C Tj £2.(0). 
Thus, by (|4~?T|) and by (fPHjl it follows that 

/ \v\ 2 ^c[ \u\ 2 ^c( \u\\ (4.95) 

J B- 3 (0) Jr !,EA(0) JB Pi {P ) 

where C > is a constant depending on the a priori data only. 
Let us consider a point QgM 3 \ Z?^ such that 

B 4 p 4 (Q)cR 3 \^, (4.96) 

where i?o is the radius introduced in Corollary 13.31 Dealing as in the proof of 
Theorem 14.21 we cover a path joining Pq to Q by a chain of balls of radius p4 
pairwise tangent to each other. Hence, by an iterated use of the three spheres 
inequality, we have that the following holds 

NU^ (Q) ) < C\\u\\l\ Bpi(po)) , (4.97) 

where C > 0, s > and r, < r < 1 are constants depending on the a priori 
data only. By the last inequality, by 1)4. 96[) and by l|3.19l) . we can infer that 

Mw» w) >(j&y. (4-98) 
Hence, by (|4.98jl and by (|4.95jl . we have that 

/ M 2 > C, (4.99) 

Jb- 3 (o) 

where C > is a constant depending on a priori data only. Hence, by (|4.94(l 
and by (PS) , we can majorize N(ps) by a constant depending on the a priori 
data only and thus the Lemma follows. □ 



Theorem 4.6 (Surface doubling inequality). Let u be the solution to the 
problem , then there exists a constant C > depending on the a priori data 
only such that, for every Xo £ T r j° and for every r € (0, j), the following holds 

j \u\ 2 da < C [ \u\ 2 da . (4.100) 

JA I:2r (x ) JA,. r (i ) 

Proof Let xq E T^ and let z £ H 1 (Ti yri (xo)) and f be, respectively, the 
solution to the problem (|4.68l) defined by (|4.67() and the radius introduced in 
(14.92(1 . By a regularity estimate at the boundary, (see for instance p. 777]) 
we have that, for any r € (0, £), the following holds 

/ iV^cfi/ |Vz| 2 ) Vl / |z| 2 Y, (4.101) 
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where C > and < 7 < 1 are constants depending on the a priori data only 
and where V^z represents the tangential gradient. 

Thus, by the Young inequality we have that for every e > the following holds 

V t z| 2 ^^l/ |Vz| 2 + ^-/ |z| 2 , (4.102) 

where C > is a constant depending on the a priori data only. 

Moreover, by a well-known estimate of stability for the Cauchy problem (see for 

instance [2j), we have that 

/ \ 1-5 

|2 ^ /-t_ / / 1 1 2 ,21 it-? _|2 



|zf <Cr[ \z\ 2 + r 2 / |V^| 2 • (4.103) 

r,,r(i ) \JAj, r (i ) JA x , r (x ) J 



• / \zf+r 2 |V t z| 2 + r / |Vz| 2 , 

\JA I , r (x ) JA,, r (x ) ^r/, r (xo) / 

where C > and < (5 < 1 are constants depending on the a priori data only. 
Hence, by ((4.103(1 and by the Young inequality, we have that for every (3 > 
the following holds 

M 2 <-lHr/ \z\ 2 +r 3 [ |V t z| 2 )+ (4.104) 

+CeUr [ |z| 2 + r 3 / |V t z| 2 + r 2 / |Vz| 2 j , 

\ JAi t7 .(x ) JAiAxo) JT t ir (*o) J 

where C > is a constant depending on the a priori data only. 

Choosing /3 in (14. 104ft such that (3 = ^7 and inserting (|4. 10211 in (|4. 104(1 . we 

obtain 

\*\ 2 <S^ I \z\ 2 + Cer 2 [ |Vz| 2 , 

Fj r{x ) £ 7(1-7) " , A />r (a;o) " , r Ii2 r(:Eo) 

where C > is a constant depending on the a priori data only. By the Cac- 
cioppoli inequality we have that 

/ N 2 <^r / N 2 + c £ / |z| 2 , 

•'rj i ^(xo) ^^(l-^) •'Aj^fio) Jr Ji4r (i ) 

where C > is a constant depending on the a priori data only. 
Thus by 1 (05) 1 and ((OU)) we can infer that 

/ H 2 < ~j^7 I \u\ 2 +Cef H 2 , 

where C > is a constant depending on the a priori data only. 
By l(4"rJFl)l it follows that 



L 



H 2 < S— I \u\ 2 + C(8) K s I M 2 , (4.105) 



r r r(x ) £ 7(1-7) JA I:r (X(,) JV, r(x ) 
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where C > is a constant depending on the a priori data only. 
Hence, choosing e in (|4. 105(1 such that e = 2 c(8) K ' we °btain that 



if 



< < CV / (4.106) 

r Ij5 (x ) JAj, r (x a ) 

where C > is a constant depending on the a priori data only. 

By applying again l|4.66[) on the left hand side of i|4.106[) . we obtain that 

/ \u\ 2 ^Cr[ M 2 , (4.107) 

where C > is a constant depending on the a priori data only. 
Moreover, by a standard Dirichlet trace inequality, we have that 

2 s r< I i„.i2 



|u|'<C/ (4.108) 

A fj2r (io) JA f , r (x ) 

where C > is a constant depending on the a priori data only. 

□ 



Corollary 4.7 (A p property on the boundary). Let u be the solution to the 
problem <|l.ll) . then there exist p > 1,A > constants depending on the a priori 
data 07i^ ; swc/i f/iaf, /or every xq € T r j° and every r € (0, £/ie following holds 

\jA J)t .(a;o)| Ja^o)' ' y \J Al ' r(xo)l ^, r (x ) / 

Proof Let xo € T^ and let r € (0, j), then by a trace inequality, (see for 
instance PP, Chap. 5), it follows that 

INU^A/,,.^)) ^C\\u\\ HHri r{xo)) , (4.110) 

where C > is a constant depending on the a priori data only. By the Cac- 
cioppoli inequality we deduce that 

C 

IMU*(A,, r (*o)) < -|l u IU 2 (rz,2r(x ))- ( 4 - m ) 

Applying the Doubling inequality (|4.66|) on the right hand side of 14.111|) . we 

obtain that 

C 

\\u\\LHA Iir M) < — IMU^rvCxo)), (4.112) 

where C > is a constant depending on the a priori data only. Combining 
(|4. 10611 and l|4.112() we have that 

C 

IMU 4 (Ai >r .(xo)) < -^IK||L2(Aj, 2r (xo))> (4.113) 
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where C > is a constant depending on the a priori data only. Thus by the 
doubling inequality (|4.100|l we have 

C 

IMU^Af^zo)) < -^IMU^Ai^Cxo))- (4.114) 

Hence, we infer that for every r£ (0, J) and for every xo € Tj , the following 
holds 



2 



obtaining a reverse Holder inequality. 

The result in [5] assures the existence of some p > 1 and A > depending on 
the a priori data only such that 1(4.1091) holds. □ 

Proof of Theorem 12.11 Let xo be a point in T r j° ■ Let us pick r = |, thus 
by ((4.1U6|) with u = u 2 it follows that 



L 



u 2 \ z da ^ C / M dx, (4.115) 



where C > is a constant depending on the a priori data only. 

Let Po and p± > be, respectively a point and a radius, such that P P4 (Po) C 

Tj^r^y By rephrasing the argument leading to ((4.98(1 we deduce by 1(4.115(1 

that 

[ \u 2 \ 2 da ^ C, (4.116) 

where C > is a constant depending on the a priori data only. 

Combining 14.109(1 and 1(4.116(1 . we have that for every xo € Lj° the following 

holds 



'A J |(x D ) 




(4.117) 



where C > is a constant depending on the a priori data only. 
Let us now consider x € A/ ? (xq), then it follows that 



|Ai(aO-A 2 (a;)| 



.ui(x) - it 2 (x) , 1 f du 2 (x) dui(x) 

-Xl(X) ^-r h T-r — 5 



< |Ai(x)|- 



\u 2 {x)\ ' \u 2 {x)\ 



du 2 {x) dui(x) 



dv dv 



Then by Theorem FOl and by 1(2.16(1 we have that, if < e < e , then 

\\x{x) - A a (x)| < (A + i)^)-* (4.118) 

|u 2 (x)| 
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Hence denoting by 5 = (|4.118|l yields to 

M(-r)-\ 2 tx)\ 5 | = (A + !),,(.-] ! / I .(4.1101 



A 



By (|4.117|l and by a possible replacement of the constant C in (|2.17|) . we have 
that 



|Ai(z)-A 2 (z)n <t/( £ ). (4.120) 

A -r,|(-o) 

By the a priori bound Ij2.16|l . we can infer that 

|Ai(a;) - A 2 (x)| |Ai(a:) - A 2 (x)|i(2A) 1 -i . (4.121) 
Integrating the above inequality with respect to x over Aj t^^ we have 



WX^x) - \2(x)\\ LHAi ^ o)) < (2A) X "^ [ / |Ai(x) - X 2 (x)\ s ] .(4.122) 

A ^f(-o) 

Hence, by a possible further replacement of the constants C, in l|2.17(l . we can 
infer that the last inequality and (|4.12U|) yield to 

llAi^-Aa^ll^^,^)^^) . (4.123) 

By an interpolation inequality, see for instance ^ p. 777], we have that 

||Ai - A 2 |U»(A Jif ^) < C||Ai - A 2 || l HAl4(x J\M A 2 ||| . 1(Aj _ (xo)) ,(4.124) 

where C > is a constant depending on the a priori data only. Hence by Ij2.16|l . 
it follows that 

||Ar-A 2 |U«> (Ai )< C(2A)*||A! -A 2 ||L A y (4.125) 

Combining l|4.123|l with (|4.125|l we obtain, by a possible further replacement of 
the constants C, 9 in (|2.17|l , that 

l|Ai-A 2 |U- ( A, ifi{ ^)<»7(e). (4-126) 

Let us cover L^° with the sets Ajf(xj), j = 1, J, with Xj G T^ . 
Let i be an index such that 

||Ai - A 2 ||l=(a j t r (xi) ) = II Ai - Aallioo^o). (4.127) 

Thus, by a further possible replacement of the constant C, 9 in l|2.17[) . we deduce 
(l2~27H) by combining l|4.127j) and (|4.126j) with 
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